Abstract. We will give an elementary proof of a result of R. Hamilton for Ricci flow on compact surfaces. Let M be a compact surface. We will prove the global existence of solution of the Ricci flow ∂g ij /∂t = (r − R)g ij on M where R is the scalar curvature and r = R M R dµ/ R M dµ is the average curvature on M with dµ(t) being the volume form of the metric g(t). We will give a simple proof of the convergence of the metric as t → ∞ when the average scalar curvature r ≤ 0. As a consequence of our proof we also obtain a better exponential convergence rate of the scalar curvature of the metric as t → ∞ for the case r < 0.
Abstract. We will give an elementary proof of a result of R. Hamilton for Ricci flow on compact surfaces. Let M be a compact surface. We will prove the global existence of solution of the Ricci flow ∂g ij /∂t = (r − R)g ij on M where R is the scalar curvature and r = R M R dµ/ R M dµ is the average curvature on M with dµ(t) being the volume form of the metric g(t). We will give a simple proof of the convergence of the metric as t → ∞ when the average scalar curvature r ≤ 0. As a consequence of our proof we also obtain a better exponential convergence rate of the scalar curvature of the metric as t → ∞ for the case r < 0.
Recently there is a lot of studies on Ricci flow on manifolds because it is an important tool in understanding the geometry of manifolds [H1-5] , , [KL] , [JS] , [MT] , [P1] , [P2] . We refer the readers to the book [CK] 
on M × (0, ∞) with g(x, 0) = (g ij (x, 0)) = g 0 (x) where R = R(x, t) is the scalar curvature and
is the average scalar curvature on M . When r ≤ 0, R. Hamilton also proved the convergence of the metric to one of constant curvature as t → ∞. R. Hamilton proves these results by studying the behaviour of the potential f of the equation
In this paper we will give a new proof of these results by elementary simple methods. As a consequence of our proof we also obtain a better exponential convergence rate of the scalar curvature of the metric as t → ∞ for the case r < 0. Lemma 1. For any solution of (1) in M × (0, T ), the following holds
Proof. Let 0 < s < T . For any h ∈ C ∞ (M ), 0 ≤ h ≤ 1, let η be the solution of
Note that by [H3] , ∂µ ∂t = (r − R)µ
Let q = e rt η(x, t). By (4) q satisfies
By the maximum principle,
By (6) and (7),
We now choose a sequence of smooth functions
on M which approximate the characteristic function of the set {x ∈ M : R(x, s) > r}. Putting h = h i in (8) and letting
Similarly,
Since s ∈ (0, T ) is arbitrary, by (9) and (10) we get (3) and the lemma follows.
Note that for any given initial metric g 0 on M by the result of [H1] there exists a solution g of (1) in M × (0, T ) with g(x, 0) = g 0 (x) for some T > 0. Then similar to [H3] by Lemma 1 and a continuation argument we have the following results. (1) with g(x, 0) = g 0 (x). Moreover the metric g converges to a metric with constant negative curvature as t → ∞.
We next recall a result of [H3]:
Lemma 4. If r = 0 and g is a global solution of (1), then there exist constants C 1 > 0 and C 2 > 0 such that for any T > 0, there exists
Theorem 5. (Section 5 of [H3] ) If r = 0, then there exists a global solution g of (1) with g(x, 0) = g 0 (x). Moreover the metric g converges exponentially to the flat metric as as t → ∞.
Proof. Global existence of solution g of (1) with g(x, 0) = g 0 (x) follows from Theorem 2. Let C 1 > 0, C 2 > 0, be as in Lemma 4. For any T > 0, let s T ∈ [T, T + 1] be given by Lemma 4. For any h ∈ C ∞ (M ), 0 ≤ h ≤ 1, let η be the solution of
By Lemma 4 and an argument similar to the proof of Lemma 1,
on M which approximate the characteristic function of the set {x ∈ M : R(x, T + 2) > 0}. Putting h = h i in (11) and letting i → ∞, R(x, T + 2) + ≤ AC 1 e C 2 e − C 2 2 (T +2) ∀T > 0.
Similarly, R(x, T + 2) − ≤ AC 1 e C 2 e ∀T > 0.
By (12) and (13), |R(x, t)| ≤ AC 1 e C 2 e − C 2 2 t ∀t > 2.
Then similar to the argument on the last two line of section 5 of [H3] by a general result of [H1] the metric converges exponentially to a flat metric and the theorem follows.
